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Synopsis of Presentation

* We give several characterizations of probability
distributions for two-way contingency tables
using marginals, conditionals, and odds ratios.

— Technical tools from algebraic geometry, probability,
directed acyclic graphs, and log-linear models.

 These ideas generalize to higher dimensions.

« Partial specifications involves dropping of
components from complete specifications.

* Statistical underpinnings for partial
specifications offer insights for developing
methodology for disclosure limitation.



Example: 24 Table

 Example from Koch et al. (1982) on results of
clinical trial for effectiveness of analgesic drug.

Excellent

Response  Poor  Moderate
Center  Status  lreatment
' ] Active | 2 o
] Flacebo 11 141 o
2 Active | 141 1 2
2 Flacebo fi 11 )
2 ] Active 12 12 [
2 1 Placebno 11 11} [
2 2 Active | t I
2 2 Placebno fi H 3

Used in Fienberg and Slavkovic (2004) Chance,

in press.
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Contingency Tables

* For contingency tables, sample space is a
simplex (of dimension 1 less than no. of cells)

and values of r.v. are lattice points; parameter
sets © also lie in related simplex of same

dimension.

— This is what makes the special link between
contingency tables and algebraic geometry. .|

For 2x2 tables we can look at

geometry because simplex 2,(1) Ig‘g $d_
1 1 i ndependence:
is 3-dimensional—tetrahedron. P

a=1 4



2x2 Contingency Tables

 Sample point

Parameter value

Y Y
Ny [Ny [Ny P11 |P12 |Pi+
X
Ny [Hpp [Ny P21 |P22 |P2+
Ry (Nyp (R P+1 [Py |1

e Characterizing distributions is working with
parameter values. We’ll assume p;;> 0.

(nyp RypnyN,,) E24(0,) (P11 P12P21sP22) €E24(1)



Specitying Joint Distributions

for Two Binary Variables: 1
Y

P11 [P12 |P1+

P21 [P22 | P2+

p+1 p+2 1

. Pr[X&Y] = Pr[X]Pr[Y]X]
= Pr[Y]Pr[X|Y]

==> marginal and related conditional in 2x2 table specify
joint distribution: e.g., {p ., P,.} and {p 1/ P1s P21/ Prs}-



Specification 11

 Can also use two sets of conditionals:

Pr[Y|X] and Pr|X]Y]:

— P11/ P1os P21/ P2 dand pyy/ poys Pra | Piase
— Conditionals are different from marginals.

— Idea of varying X and cons1der1ng locus of
P(Y|X).

Hammersley-Clifford 1 ..., /\=
Fheorem?




Specification 111

 What about conditional {p,,/ p1.s Pr1 / P14}
and margin {p., p.,}, i.e., P(Y]X) & P(¥)?

Unique for 2x2 table case, I
but not in general! :::iﬁxéaéo{pq- S I S st
(Slavkovic, 2004) INUA




Log-Linear Model for 2x2 Table

* For (i) cell in table:

logpl.j =U+ U+ Uy + Up

Ta=1
Eul(z) 2”2(1) Eulz(m 2”12(11)‘0

. Independence if ulz(y) =0 or Pl, = Pi Dy

* Uy, captures something dependence between
row and column variables through odds ratio:

_1 =1
Uppqpy = 410Gl ——= o p [loga
121721

* Uy, and u,; measure margins on centered log
scale. 9




More Odds Ratios

e Can redefine all log-linear model
parameters in terms of new log-odd

ratios: ,_ L10g[ pyy 1Py P

Uy = 3108 ?111;22 = lloga
121°21

U, = Llog Iljuﬁu =lloga”
211722

U, = Llog I;“ﬁ” =lloga™
| 7121722
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Specifications 1V and V

e Can also specity joint distribution using:
IV. Both sets of 1-way marginals, {p,,, p,.} and {p,,,
P}, and odds-ratio, o

Partial specification based solely on marginals, corresponds
to line through tetrahedron.

V. The 3 odds ratios: a, a’, and o™ corresponding to
log-linear model parameters.

* Statistical models come from restricting values
of one or more parameters, e.g., setting a=1
(independence), and focusing on subspaces.

— Many (all?) interesting models are algebraic

varieties.
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Algebraic Geometry

Representation

« Consider mapping from (Py;5>P125P215P2)

into product and the three odds ratios.
— 1-1 when restricted to X,.

* Ideal characterized by three polyonomials:
<p11p22 — AP 13 P215 P11 Pz — WP P21 s P11 Pt — Vp12p22>

* Suppose we fix values of two of o, &, and o™
What is locus values for third?

— Traces out a hyperbola running over values for
third.
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Conditionals and Odds Ratios

* Conditionals of form Pr|Y|X] include full
information on 2 of 3 odds ratios:

(P! P )Py ! Py.) _ PulPy _
(P12 P1.) (P! D) PP
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Other Issues in Specification

* Feasibility: Given components, does there exist
joint distribution?
— Major issue of whether we allow for zero
probabilities in conditionals.

« Slavkovic & Sullivant (2004)

 If partial specifications are for an actual table,
what are possible tables satistying them?

 How do we put distributions over possible
tables conditional on the other information in
partial specification?

— Markov bases (from algebraic geometry)!
14



Partial Specification and

Two-Way Fréchet Bounds

* For 2x2 tables {p;} given the marginal
totals {p,,p,.} and {p,,p,}:

P11 Py
P21 Py

p1+
p2+

p+1p+2

1

min(p,,,p,;) = p;, zmax(p,, + p,; - 1,0)

— Same ideas work for partial specification of
table of non-negative counts.

— Interesting multi-way generalizations.
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Generalizations for IxJ Tables

* Geometric representation works but we move
to flats (lines) and linear manifold (ruled
surfaces).

e Specification results extend, in part (e.g., using
P(Y|X) and P(X)), but when we are given
margins we need to define multiple odds-ratios.

e Result for P(Y]|X) and P(Y) now involves a set of
possible tables and we need to compute bounds
or enumerate.
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Partial Specifications for

IxJ Tables

* Given P(x|y) and P(x), unique solution exists
for IxJ, if matrix with values P(x|y) has full

rank and 7= J.

a;; |45
 For Ix2 table: ay |ay, [ P&
az; |43
P — QA0 .
p, = a, i+ i{I\ j} ,1e€1, e {l,2}.
aij _ ai{J\j}

e If I<J, can actually get range of values.
Slavkovic (2004)
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Bounds given P(x|y)and P(x)

When I<J

* Example 2x3 table, bounds on p,;:

U
e P11 |P12 |Pis
4 P, —max{a,,,a;}
11

max { ) il p, =a, P21 |P22 | P2
a,, — a...d

11 12513

UB =\

P _mlnia129a13<}< if -
Mg, —minfay.ay 0TI e e |4
11 12> %13

-
e /x L Ay |42z |93

IR max{0, L st.L<UB} if p, =a,, )
- max{0,U st.U =<=UB} if p,, <a,,

Slavkovic (2004)
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Log-linear Models for Multi-

way Tables

* In IxJxK tables, we model logs of {p;;}:
lOg(pijk) =U+ Uyt Uy Uz + Uppy F Uy Uz U300
with summation constraints.

e Can also represent models in terms of ratios of
odds-ratios, e.g., in 2x2x2 table:

1 ( P111p221p122P212)

Uiy = 108
3 P121P211 P112P 222
and more generally all u-terms are given in
Hadamard-like form as

1 2k
for 1C {1,2,3), 1y, = glog( [Tri )
19
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Some Interesting Questions:

1. What are partial specifications from subset of
ratio of odds-ratios?

2. When are subsets of odds ratios implied by
conditionals?

3. When do combinations of margins and
conditionals reduce to margins?

—  Wermuth condition!

4. When combinations don’t reduce, how do we
get bounds?

— Generate Markov basis and traverse tables!
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Specification of 3-D Discrete

Distributions

 Can get complete characterization of joint
distribution of (X, Y,Z) for 3 binary random
variables in terms of
— Marginals — 1-way or 2-way.
— Conditionals — given 1 way or 2-way totals.
— Some subset of 7 ratios of odds-ratios that make up
log-linear model.
* Partial specifications based on marginals and
conditionals produce bounds.

* Generalizations to higher dimensions are

interesting and have additional features!
21



Links of Margins & Conditionals

to Log-linear/Graphical Models

 Margins are MSS for log-linear models.

* Undirected graphical models based on multiple
conditional independence relationships are log-
linear.

— Decomposable models have triangulated graphs:
* Representable as intersections of Segre varieties

« Explicit formulae for bounds in partial specifications
* Parallel results on Markov bases: All bases are quadratic.

— Regular graphs decompose into pieces for
calculating bounds and Markov bases.
 Margins and conditionals define Directed

Acyclic Graph used for causal modeling. .



Example With Margins

* Need to include margin for explanatory
variables [CST].

 Two interesting well-fitting models:

— 1. [CST][CSR] and 2. [CST][CSR]|TR]
— AG?>=5.4 0on 2 d.f.

Hesponse | Poor  Moderate  Excellent
Center  Status  lreatment

| 1 Active | [0.14] 1,28 (.13

| 1 Placebo | [0.14] .43 0,13
Re]easing[CST] , | . l‘L | iI-.--- 0.9 3,27 [1.17]

I 2 Placebo | |OH 024 0.1
[CSR], and [TR] 2 I Active | [2.21]  [3.22 0.0
seems safe. _ ! .-*l;.u-ll 1y :_'.Jl_ _l:-.l!! :l:'.!

2 2 Active | (LY (16 [0,

Placeba | 0.0 2. 1= (1
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Example with Conditionals

* Suppose we try to relax bounds by releasing
slightly more information via conditionals [RT]
and [RCS]:

— Releasing either [R|T] and [CST] is equivalent to
releasing [RT]and [CST].

— Releasing [R|T] and [R] will uniquely identify [RT]
because number of levels in R is greater than in T.

— |[R|CS] and [R] will not uniquely identify [RCS], yet
because of small sample size, space of tables is same?

— Markov basis for [R|CS] includes basis from [RCS]
plus extra generator.

e No. tables for [RCS] is 11,081,397,760,00.

* No. tables for [R|CS] is 11,081,579,235,840. ”



Basis for

[R|CST]

* Dealing with [R|CST]
introduces lots of
complexities and likely

comes close to uniquely
describing [RCST].

*Basis is of size 27 x 24.

000000000O00O0OOO0-1-1200000000
0000000000-6-13-512120000000000
000000000000-10-10-11110000000
000000000OOOOOOO-100100000O
0000000000000-8-8000039400
0000000-141429-6-13-5-2-2-100000000
000000-3-2602600011100000000
000000-3-12-14-3613544000000000
-3-20-5000312143000110000000-2-4
000-11-14-831214300000100000000
-3-20-5111480000000001000000-2-4
-3-20-50006520-526135220000000-2-4
-3-20-5111483260-26000-1-10000000-2-4
000-11-14-86520-52613511100000000
000-11-14-89780-78613500000000000
-3-20-5000121040-10400011110000000-2-4
000-11-14-8121040-1040001010100000000
000-11-14-8151300-13000099000000000
-3-20-5000181560-156000880000000-2-4
000-11-14-8181560-15600077100000000
000-11-14-8211820-18200066000000000
-3-20-5000242080-208000550000000-2-4
000-11-14-8242080-20800044100000000
000-11-14-8272340-23400033000000000
-3-20-5000302600-260000220000000-2-4
000-11-14-8302600-26000011100000000
000-11-14-8332860-28600000000000000



Synopsis of Presentation

 We gave several characterizations of probability
distributions for two-way contingency tables
using marginals, conditionals, and odds ratios.
— Technical tools from algebraic geometry, probability,
directed acyclic graphs, and log-linear models.
« Partial specifications involves dropping of
components from complete specifications.

« Statistical underpinnings for partial
specifications offer insights for developing
methodology for disclosure limitation.

 Illustrated selected ideas with 24 example.
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The End

 Thanks to the NISS Confidentiality
Project, NSF, and funding statistical
agencies.
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